In the last two decades the Anti-de Sitter/Conformal Field Theory correspondence (AdS/CFT) has emerged as focal point of many research interests. In particular, it functions as a stepping stone to a still missing full quantum theory of gravity. In this context, a pivotal question is if and how cosmological physics can be studied using AdS/CFT. Motivated by string theory, braneworld cosmologies propose that our universe is a four-dimensional membrane embedded in a bulk fivedimensional AdS spacetime. We show how such a scenario can be microscopically realized in AdS/CFT using special field theory states dual to an "end-of-the-world brane" moving in a charged black hole spacetime. Observers on the brane experience cosmological physics and approximately four-dimensional gravity, at least locally in spacetime. This result opens a new path towards a description of quantum cosmology and the simulation of cosmology on quantum machines.
Introduction
The achievement of a quantum mechanical description of spacetime is one of the most challenging issues facing modern physics. The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence provides a promising starting point to accomplish this goal. As a concrete realization of the holographic principle, 1,2 it relates the observables of a full quantum gravity theory living in a (d + 1)-dimensional spacetime (the bulk) to those of a d-dimensional dual field theory without gravity associated to the boundary of the bulk spacetime. 3 However, at this stage AdS/CFT must still be regarded as a toy model of the physical world, since the asymptotically AdS spacetimes it describes are different from the universe we observe. In this paper we exhibit a viable way to study certain Friedmann-Lemaître-Robertson-Walker (FLRW) cosmologies using the AdS/CFT correspondence, realizing a recently proposed new perspective on braneworld cosmology and quantum gravity in a cosmological universe. 4 AdS/CFT associates different states of the CFT to different geometries of the bulk spacetime. In particular, certain highly excited pure states of the CFT have a dual geometry hosting a black hole and a dynamical end-of-the-world (ETW) brane. [5] [6] [7] [8] [9] This bulk configuration is built from a two-sided wormhole spacetime by replacing the left boundary with the ETW brane (see Figure 1 ). The original wormhole spacetime describes an entangled state of two CFTs, and the ETW brane corresponds to a complete measurement of one CFT to leave a pure state of the remaining CFT. Hence, observables in the CFT must probe the physics behind the horizon of the black hole, including the remaining part of the left asymptotic region [10] [11] [12] [13] and the evolution of the ETW brane. 4 More patches of the AdS-RN spacetime are glued together here. The ETW brane oscillates inside and outside the two horizons of the black hole, cutting off the left asymptotic region. The red region, generally part of the maximally extended charged black hole, is not present in our spacetime.
The presence of the brane opens an interesting scenario: when the bulk spacetime is 5-dimensional, an observer living on the 4-dimensional ETW brane would interpret the motion of the brane as the evolution of a FLRW universe, where the radial position plays the role of the scale factor. [15] [16] [17] [18] [19] [20] Hence, holographic duality allows to describe such "braneworld cosmologies" using CFT observables associated with the right asymptotic region of the black hole. 4 Holographic cosmologies have been considered previously, [21] [22] [23] also in the context of de Sitter holography 24 and braneworld holography. [18] [19] [20] 25 However, in the latter cases the holographic CFT lives on the brane and is coupled to gravity, whereas we are proposing a non-perturbative CFT description of the entire spacetime including the brane. Now, a braneworld cosmological model can only be realistic if, for an observer living on the brane, gravity is effectively 4-dimensional and localized on the brane. The Randall-Sundrum model 26, 27 provides a mechanism for gravity localization on 4-dimensional branes embedded in AdS 5 bulk, and the mechanism can be generalized to different brane geometries 28 and to the presence of black holes. 29, 30 If the brane is not too close to the black hole horizon, gravity is localized, but only locally in spacetime: an experimentalist on the brane would observe ordinary gravity only on non-cosmological scales, and for a limited range of time. In this work we show that, in the presence of a charged black hole in the bulk (AdS-Reissner-Nordström), [31] [32] [33] [34] [35] [36] such gravity localization is achievable without losing the dual CFT description of the spacetime. This proof-ofprinciple result, not attainable in the simplest setup of an AdS-Schwarzschild black hole and a pure tension brane, 4 opens the door to a new formulation of cosmology within AdS/CFT. Our choice of units is = c = ε 0 = k B = 1.
Euclidean analysis
The spacetime described above is dual to a CFT state that can be prepared in principle using a quantum computer. Theoretically, it is convenient to describe it starting from a Euclidean path integral. Extending previous works, 4,37 the dual state is a fixed charge boundary state of the CFT on a spatial sphere S d−1 evolved for an imaginary (Euclidean) preparation time τ 0 : |Ψ = e −τ 0 H |B, Q .
The ETW brane is associated to the past boundary condition in the path integral. In order to have a well defined CFT state and a sensible Euclidean geometry (see Figure  2 ), τ 0 must be positive. 4 In Euclidean signature, the brane is the bulk extension of the CFT boundary. 4, 6, 7 Its trajectory starts at the asymptotic boundary r = ∞ at τ = −τ 0 , reaches a minimum radius r = r 0 and ends again on the boundary at τ = τ 0 . Because the state is highly excited, the bulk geometry will also typically contain a black hole. The total Euclidean periodicity is given by the inverse temperature β of the black hole, determined by its size and charge. The brane trajectory excises part of this total range of Euclidean time, leaving only the interval [−τ 0 , τ 0 ] where the CFT is defined. Thus, the preparation time is determined by 2τ 0 = β − 2∆τ , where ∆τ is the total Euclidean time needed for the brane to cover half of its trajectory. The bulk physics is specified by the Euclidean action, which for the Einstein-Maxwell system considered here is I = I bulk + I ET W . I bulk is the Einstein-Maxwell action with a negative cosmological constant Λ = −d(d − 1)/(2L 2 AdS ), including a Gibbons-HawkingYork term and an electromagnetic boundary term (needed if the charge is held fixed [38] [39] [40] for the asymptotic boundary. The brane action reads:
where G is the d-dimensional Newton constant, K is the trace of the extrinsic curvature of the brane, T is the tension, h is the determinant of the metric induced on the brane and I em ET W is an electromagnetic boundary term. The variation of the bulk action leads to the Einstein-Maxwell equations with a negative cosmological constant, whose solution is the AdS-Reissner-Nordström (AdS-RN) metric (in Euclidean signature):
with (for d > 2)
where µ and Q are the mass and charge parameters of the black hole. They can be expressed as a function of the inner (Cauchy) and outer (event) horizons of the black hole, solutions of the equations f (r + ) = f (r − ) = 0. The black hole is called extremal when r − = r + , corresponding to the maximum admissible charge for a fixed mass.
Varying the brane action, the equation
is obtained, with a, b = 0, ..., d − 1. By parameterizing the trajectory of the brane with r = r(τ ), equation (5) yields
where the sign depends on if the brane is expanding or contracting. For d > 2 and T < T crit = 1/L AdS , a numerical evaluation gives two solutions for the equation f (r) = T 2 r 2 , corresponding to the minimum radius of the brane: r + 0 > r + and r − 0 < r − . Between the two solutions the square root takes imaginary values. Since the brane is contracting from and expanding to r = ∞, the minimum radius is r 0 = r + 0 . The role of the solution r − 0 will be clear later.
Given values of d, r + , r − and T , it is possible to evaluate the Euclidean time ∆τ and therefore the preparation time τ 0 . We find that, for a black hole sufficiently close to extremality, i.e. for r − → r + , it is possible to approach the critical value of the tension T crit while retaining a sensible Euclidean solution, i.e. with τ 0 > 0. At the same time, when T → T crit the ratio between the minimum radius of the brane and the outer horizon radius becomes very large. We further remark (see Appendix C) that this non-extremal black hole solution is always dominant in the thermodynamic ensemble when τ 0 > 0. This result was not feasible in the AdS-Schwarzschild case 4 and is first main result of this work. 
Lorentzian analysis and braneworld cosmology
In order to study cosmological physics, we must find the Lorentzian geometry associated with the Euclidean picture outlined above. Consider the state (1), obtained taking the τ = 0, ±β/2 slice of the thermal circle (where the brane reaches its minimum radius r 0 ), and evolve it in Lorentzian time. The corresponding geometry is a maximally extended AdS-RN black hole with the ETW brane cutting off part of the left asymptotic region. The effect of the transition to Lorentzian time on equation (6) is to flip the sign of the radicand, thus the RHS is now real only if r − 0 < r < r + 0 . The minimum radius in Euclidean signature is a maximum radius in Lorentzian signature. Therefore the brane expands and contracts crossing the two horizons of the black hole, but, differently from the AdS-Schwarzschild case, it never reaches the singularity (see Figure 1) .
Defining the brane proper time dλ 2 = [f (r) − r 2 /f (r)]dt 2 , the metric induced on the brane takes the form ds
which is a closed FLRW metric where the brane radius r(λ) plays the role of the scale factor, ranging between r − 0 and r + 0 and satisfying the Friedmann equation
where the dot indicates a derivative with respect to the proper time. For d = 4, this result (already obtained in refs. 17, 20 ) shows that an observer comoving with the brane interprets the motion of the brane in the bulk as the expansion and contraction of a closed FLRW universe in the presence of radiation (with energy density proportional to the mass of the black hole), a negative cosmological constant Λ 4 = 3(T 2 − 1/L 2 AdS ) (which is very small when T → T crit ) and stiff matter 20,41 with negative energy density (proportional to the charge of the black hole).
From the bulk point of view, the existence of a minimum radius is due to the repulsive nature of the RN singularity, while from the braneworld point of view, the (repulsive) stiff matter term is responsible for the absence of the cosmological singularity, replaced by a Big Bounce. 41 In principle, gluing together more patches of the AdS-RN bulk spacetime, we can obtain a cyclical cosmology. However, the instability of the Cauchy horizon against even small perturbations suggests that, in the region near the bounce, the present description of the brane evolution is not reliable. 42 When the charge of the black hole vanishes, we recover the AdS-Schwarzschild description of a Big Bang-Big Crunch braneworld cosmology. We emphasize that the cosmological interpretation is not appropriate in the region where the Big Bounce takes place, because a 4-dimensional description of gravity localized on the brane is achievable only when the brane sits far from the black hole horizon.
Gravity localization
The remaining issue is whether observers on the brane see approximately four-dimensional gravity. Randall and Sundrum showed 26,27 that a 4-dimensional Minkowski brane embedded in a warped AdS 5 spacetime supports a normalizable graviton zero-mode bound on the brane, reproducing 4-dimensional gravity. The bound mode is lost in the presence of an AdS-Schwarzschild black hole in the bulk, 29 but a resonant quasi-bound mode with a finite lifetime persists when the brane is static and far from the black hole horizon. 30 This is a metastable mode that, after a finite lifetime, "leaks" into the bulk and falls into the black hole horizon. The shorter the spatial scale of the gravitational perturbation, the longer it is bound on the brane. Gravity is therefore locally localized both in space and in time, meaning that it will look 4-dimensional to an observer living on the brane, but only on spatial and time scales smaller than the cosmological ones.
Clarkson and Seahra 30 focused their attention mainly on the small black hole case (r H < L AdS ). Since sensible Euclidean solutions with r 0 /r + 1 are achievable only if the black hole is large, our generalization of their work to the AdS-RN spacetime is focused on the r + L AdS case (see Appendix E). Let us consider a linear perturbation of the metric δg µν = g µν −g 0 µν , µ, ν = 0, ..., d. As a tensor on a spatial slice at constant radius (t = const, r = const), it can be decomposed into scalar, vector and tensor components. 43 The graviton mode of interest is the tensor component which has δg tµ = δg rµ = 0. We also use the transverse-traceless (TT) gauge condition δg µ µ = 0 = ∇ µ δg µν . It is useful to introduce the adimensional coordinates and parameters y = r/r + ,t = t/r + , γ = L AdS /r + , q = Q/r d−2 + and to decompose the metric perturbation in terms of tensor harmonics T
Defining the tortoise coordinate dr * = dy/f (y) and studying the problem in the frequency domain, the linearized Einstein equations can be recast in the form of a one-dimensional Schrödinger equation for each tensor mode:
where the potential reads:
(10) This potential diverges for r * = r * ∞ (where y(r * ∞ ) = ∞) and vanishes exponentially for r * → −∞, at the black hole horizon. Now we need to find a boundary condition on the ETW brane, which cuts off the radial coordinate at r * = r * b < r * ∞ . If the brane is moving in the bulk, this is a nontrivial task. We assume that the brane is moving adiabatically with respect to the time scale of the perturbation, and consider it effectively static at a position r * = r * b , verifying later the reliability of the adiabatic approximation. Under this assumption, the linearized version of equation (5) provides the boundary condition
, with y = y(r * ). Requiring this boundary condition is equivalent to add to the potential (10) a negative delta at the position of the brane, whose depth is (d − 1)f (y)/y. In the original Randall-Sundrum model, such a delta guarantees the existence of the zero bound mode. The rapid vanishing behaviour of the potential (10) at the black hole horizon implies that only a metastable, quasi-bound mode with complex frequency ω =ω + iΓ/2 and pure infalling boundary condition at the black hole horizon (typical of quasi-normal modes) can be present in our setup. In the large black hole case (γ 1) this is the only resonant mode. 30 Focusing on the d = 4, γ 1 case of interest, we use the trapping coefficient method 30 to find the real and imaginary parts of the frequency of the quasi-bound mode. For a given value of the charge of the black hole, there are three control parameters: the size of the black hole γ, the position of the brane r * (y b ), and the angular momentum l. We find that, when the brane is sufficiently far from the horizon of the black hole,ω Γ (i.e. the mode is long-lived) and the graviton is very well localized on the brane (see Figure 5 ). Such a localization is lost if the brane radius becomes too large. Increasing the size of the black hole, the brane must sit farther from the horizon to retain the long-lived quasi-bound mode. Gravity localization is also more efficient for higher values of the angular momentum l. Increasing l means probing shorter distances on the brane. Therefore, this result is in accordance with our expectation to obtain a 4-dimensional effective description of gravity only locally. The last step is to verify that the adiabatic approximation is reasonable. One must compare the time scale of oscillation t o = 1/ω with the "Hubble time" T H = y(t)/y (t), determined by the Lorentzian version of equation (6) . The adiabatic approximation is reliable if t o T H and if the condition (y ) 2 /f 2 (y) 1 is satisfied. For given values of charge and tension, the approximation is arbitrarily good when approaching the inversion point in the trajectory of the brane, where y vanishes. But it holds also for a significant portion of the trajectory of the brane, as quantified by the ratio between the proper time spent to cover the part of trajectory where the approximation is reliable and the total amount of proper time for the entire trajectory. As an example, for the set of parameters considered in Table 1 , if we accept t o ∼ T H /10 as the threshold for the validity of the adiabatic assumption, the latter holds for ∼ 55% of the total amount of brane proper time. The decay time t d = 2/Γ is almost always considerably larger than the Hubble time, meaning that our analysis loses significance before the quasi-bound mode leaks into the bulk. We finally remark that the time of oscillation of the mode is very close to the one expected for a 4-dimensional metric perturbation of the Einstein-static universe t GR = y b / f (y b )(l + 2)l. The local localization of gravity on the Euclidean-sensible braneworld solution is the second main result of this work. 
Discussion
In this work we proved that it is possible to build a holographic braneworld cosmology model which admits locally a 4-dimensional effective description of gravity. An interesting open question is if this framework can be extended to different cosmological models, eventually including a de Sitter phase that could match our current observational data, and if gravity localization is achievable on even larger scales in such setups. Understanding gravity localization beyond the adiabatic approximation would also be interesting.
The holographic dual description presents many non-trivial issues to be explored. Determining which CFT observables are able to probe the physics behind the horizon of the black hole, and therefore the braneworld cosmology, is crucial. If the brane is not too far from the black hole horizon, one possibility is the entanglement entropy of large spatial regions of the CFT, 4,44,45 while additional information can be extracted from the holographic complexity, even if its CFT interpretation is not completely clear yet. It is also important to identify field theories with the right boundary states to make our construction work and verify the stability of the solutions in the full theory. For example, one should check that scalar fields do not condense in the near-extremal black hole background (or that the desired properties persist in such a condensed state). Given such a theory, it should be possible to simulate it on an quantum computer, 8,46-48 thereby opening up the possibility to experimentally study holographic braneworld cosmology.
Although many questions still need to be answered, the model presented in this paper shows the possibility to holographically describe a FLRW cosmology using AdS/CFT, bringing us one step closer to the understanding of quantum gravity in a cosmological universe. 
Appendices A Euclidean action and Einstein-Maxwell equations
The total Euclidean action for the bulk spacetime is given by
where M is the (d + 1)-dimensional spacetime manifold, g is the determinant of the bulk metric, R is the Ricci scalar,
is the cosmological constant, I GHY is the Gibbons-Hawking-York term for the asymptotic boundary and
with γ determinant of the metric induced on the asymptotic boundary ∂M ∞ and n µ dual vector normal to the boundary. The term I em bound is needed 38-40 because we keep the charge fixed instead of the potential when we vary the action (11) . This choice is preferable since we are interested in controlling the charge in order to approach the extremal black hole case and obtain a sensible Euclidean solution for a near-critical brane. The electromagnetic four-potential A µ = (A t , 0) for a point charge in the origin reads:
where we chose the outer (event) horizon of the black hole r = r + to be the zero-potential surface and Q is the charge parameter of the black hole, related to the point chargeQ (charge of the black hole) by 31,39,40
with V d−1 volume of the (d − 1)-dimensional unit sphere. The electromagnetic tensor is standardly defined as
The action for the End-of-the-World brane is reported in equation (2), where I em ET W has the same form (12) of the electromagnetic boundary term for the asymptotic boundary, with γ → h and n µ dual vector normal to the ETW brane. The extrinsic curvature appearing there is defined as
A variation of the total action for the bulk and the brane leads to a set of three equations: equation (5) (describing the motion of the brane in the bulk spacetime), the EinsteinMaxwell equations for the bulk
bulk µν (16) with R µν Ricci tensor, and the Maxwell equation
The bulk stress-energy tensor appearing in equation (16) is the electromagnetic stressenergy tensor:
The static and spherically symmetric metric reported in equation (3) is a solution of the Einstein-Maxwell equations (16) and the mass parameter µ appearing in equation (4) (which is valid only for d > 2) is related to the ADM mass of the black hole by
In order to approach, in our numerical analysis, the extremal black hole case for a fixed event horizon size by controlling the Cauchy horizon radius it is useful to express the mass and the charge parameters in terms of r + and r − :
It is also convenient to eliminate the mass parameter from the expression of the τ τ component of the metric f (r):
which can be rewritten, using the adimensional coordinates introduced in Section 4, in a form more functional for the gravity localization analysis
For completeness, we report here also the form of the τ τ component of the metric for the BTZ charged black hole (i.e. for d = 2) as a function of the ADM mass M and the charge of the black holeQ, in units such that
Finally, the Ricci scalar for a spherically symmetric metric of the form (3) takes in general the form
Substituting equation (4), we obtain, for d > 2
B Euclidean analysis -details
In order to avoid a conical singularity, the Euclidean time τ must be periodic with periodicity given by
k g is the surface gravity, which for the static and spherically symmetric black holes reads
where r H is the event horizon radius. For a Reissner-Nordström black hole r H = r + . Using equation (22), for d > 2 we find the Euclidean periodicity
The spherically symmetric ETW brane can be parameterize with r = r(τ ). Analogously to the AdS-Schwarzschild case, 4 the one-form dual to the unit vector normal to the brane is given by
with r = dr/dτ . The metric induced on the brane reads
where φ i are the coordinates on the sphere directions. Using the definition of the extrinsic curvature (15) and equation (30), the τ τ component of equation (5) leads to equation (6) , that we report here:
The + (−) sign corresponds to the contracting (expanding) phase. Indeed, as it is clear from Figure 2 , during the contraction the Euclidean time decreases (clockwise) from τ = −τ 0 to τ = −β/2, therefore the dr/dτ > 0; during the expansion the time decreases from τ = β/2 to τ = τ 0 , and dr/dτ < 0. It is easy to show that, if equation (32) is satisfied, the other components of equation (5) are identically fulfilled. The minimum radius r 0 is defined by the largest zero of the RHS of equation (32), as discussed in Section 2. For a vanishing tension, clearly r 0 = r + , since f (r + ) = 0 by definition of horizon. It is not difficult to show that for d > 2 and a critical brane, i.e. for T = T crit = 1/L AdS , the equation f (r) = T 2 r 2 can be solved analytically, leading to two solutions r + 0 > r + and r − 0 < r − , and therefore r 0 = r + 0 > r + . A numerical evaluation shows that for 0 < T < T crit the latter property still holds. The ratio r 0 /r + increases when the tension increases. In particular, if the black hole is big (meaning r + L AdS ), it is possible to obtain a very large ratio r 0 /r + by approaching the critical value of the tension (see Figure 3(b) ). If the black hole is small, the ratio is never large, preventing, as we observed, gravity localization on the brane. Since we are interested in time-symmetric solutions, we can require the brane to reach its minimum radius for τ = ±β/2, defining r 0 = r(τ = ±β/2). Up to a constant β/2 (which cancels out when adding up the Euclidean times necessary for the expanding and the contracting phases), the brane locus is given by
The total Euclidean time necessary for the brane to go from r = r 0 to r = ∞, i.e. to cover half of its trajectory, is
The Euclidean preparation time τ 0 is given by the residual Euclidean periodicity:
For a critical brane we obtain: (36) and this expression is logarithmically divergent at infinity. For T > T crit , the square root f (r) − T 2 r 2 becomes imaginary for large values of r. Thus, ∆τ , and therefore the preparation time τ 0 , are well defined only for T < T crit .
Our numerical evaluation shows that, given a value for the outer horizon radius r + and for the brane tension T < T crit , it is always possible to obtain a positive preparation time (i.e. a sensible Eucliden solution, and a dual description in terms of an Euclideantime-evolved charged boundary state of a CFT living on the boundary of the right asymptotic region of the black hole) by increasing the size of the inner horizon radius r − , which means by increasing the charge of the black hole. For T → T crit , we need r − → r + in order to retain a sensible Euclidean solution, i.e. the black hole must approach extremality. This feature guarantees that, for a large black hole sufficiently close to extremality, we can find a sensible Euclidean solution with the minimum radius of the brane (which is the maximum radius in Lorentzian signature) consistently larger than the black hole event horizon. As we have pointed out, this is a necessary condition in order to achieve gravity localization on the brane. In the AdS-Schwarzschild case, which is the Q → 0 limit of our analysis, this result is clearly impossible to obtain. Therefore, for an uncharged black hole gravity localization and positive preparation time mututally exclude each other, and a holographic braneworld cosmology picture is not feasible. 
C Action comparison
In order to understand if the non-extremal AdS-RN solution we studied is dominant in the Euclidean path integral, we must compare its on-shell action with other possible phases contributing to the path integral. The dominant phase will be the one with smallest action. As we have already pointed out, we will focus our attention on the fixed charge case. This choice corresponds to a canonical ensemble, where the temperature and the charge are held fixed. Note that this implies that (differently from the fixed potential case) the variation of the potential does not vanish on the boundary. For this reason, we need to add the electromagnetic boundary terms (12) for the asymptotic boundary and the brane to the action. For fixed charge, the other possible phase is represented by the extremal AdS-RN black hole with the same charge as the corresponding non-extremal solution (for a complete treatment of the AdS-RN phase structure for fixed charge and fixed potential without the ETW brane see refs. 39, 40 ). The CFT state corresponding to the fixed charge ensemble is the Euclidean-time-evolved boundary state with fixed charge reported in equation (1) . It is clear that the two Euclidean solutions contributing to the gravity path integral dual to the state (1) must have the same charge and the same preparation time τ 0 . We will use this property in order to match the two geometries in the asymptotic region, procedure needed in order to regularize the Euclidean action and compare the two actions. 4, 39, 40 We will now briefly review some useful properties of the extremal AdS-RN black hole.
Extremal AdS-RN black hole
For the extremal AdS-Reissner-Nordström black hole, the two solutions r + and r − of f e (r) = 0 coincide, defining the extremal horizon radius r e . Therefore, also the relationship f e (r)| r=re = 0 must hold. By requiring the two conditions to be satisfied, we obtain for the extremal mass and charge parameters:
We remark how, by fixing the charge of the black hole, the extremal horizon radius is uniquely determined. Another important feature of the extremal black hole is that, since f e (r)| r=re = 0, the Euclidean periodicity (27) diverges, i.e. the temperature of the extremal black hole vanishes. Nonetheless, it has been demonstrated 36, 39, 40 that an arbitrary Euclidean periodicity can be chosen for the extremal RN black hole without running into a conical singularity. Physically, this means that an extremal RN black hole can be in thermodynamic equilibrium with a thermal bath at an arbitrary temperature. In the following we will use this feature, fixing a total Euclidean periodicity β e for the extremal black hole that will be determined by matching the geometries of the non-extremal and the extremal black holes in the asymptotic regions. Given β e , the extremal horizon radius r e and the expression (38) for the extremal charge, the same Euclidean analysis carried out in Section A can be applied to the extremal case.
Before explicitly evaluating the difference of the two Euclidean actions for the nonextremal and extremal black holes, one more remark is needed. In general, the phase structure is more complicated than the one we are going to study. In particular, for a given small charge Q < Q crit and some range of temperatures, three different nonextremal black holes with the same temperature but different horizon radius can exist. 39 Indeed, for Q < Q crit , there exist turning points for the Euclidean periodicity β as a function of the external horizon r + , which disappear for Q > Q crit . The critical charge can be obtained from the condition ∂ r + β = 0 = ∂ 2 r + β, and reads: 39
AdS .
The coexistence of different non-extremal black holes implies the necessity of studying which one of them has the smallest action, before a comparison with the extremal case can be made. To do so, we should fix an Euclidean periodicity β and a charge Q, find the different corresponding values of r + and compare the actions for each of them. Nonetheless, since, as we have already pointed out, we are interested in solutions involving near-critical branes, and this requires to have a black hole near extremality in order to have a positive preparation time, we are safely into the region where only one non-extremal phase exists. 39 Therefore, we are allowed to choose r + and r − (and therefore the charge) independently, and compare directly the resulting action with the corresponding extremal action with the same charge.
Bulk action
Let us evaluate the three terms of the bulk action (11) separately in the non-extremal case. First, using equation (13), the only non vanishing components of the electromagnetic tensor are F τ r = −F rτ , and we obtain
Using equation (25) for the Ricci scalar, the relationship between Λ and L AdS , and noting that √ g = r d−1 , the first term of the bulk action reads
Recalling that part of the Euclidean geometry is cut off by the ETW brane parameterized by τ (r), we can rewrite this integral as the integral in the entire spacetime minus the excised part. In order to avoid divergences, we must also introduce a cut-off R in the asymptotic region. After a few steps, the result turns out to be
where β is given by equation (29) .
The Gibbons-Hawking-York term I GHY gives a vanishing contribution to the action difference for asymptotically AdS spacetimes 39,40,49 and therefore we can neglect it. The electromagnetic boundary term finally reads
Brane action
Tracing equation (5) we obtain
Parameterizing again the brane with τ (r), and using equation (32), the determinant of the metric induced on the brane reads:
where the + (−) sign is for the contracting (expanding) phase. Considering the contributions of both these two phases and using the expression (30) for the dual vector normal to the brane, the total action for the ETW brane reads
Action difference
Using the definition (33), we note that τ (r 0 ) = 0. Additionally, lim R→∞ τ (R) = ∆τ and β − 2∆τ = 2τ 0 . Since, after subtracting the extremal action from the non-extremal one, we will take the limit R → ∞, for simplicity of notation we will substitute now τ (R) → ∆τ and β − 2τ (R) → 2τ 0 , even if the limit has not been taken yet. Using the above cited relationships, the total action for the non-extremal black hole can be cast in the form
We must now subtract from this action the equivalent action for the extremal black hole after matching the geometries in the asymptotic region, and then take the limit R → ∞. The total action for the extremal black hole is given by equation (47) where all the quantities are substituted by their extremal counterparts (r + → r e , τ 0 → τ e 0 , β → β e , r 0 → r e 0 , f (r) → f e (r), Q → Q e ). As we have already mentioned, the Euclidean analysis carried out for the non extremal black hole is still valid by substituting r + → r e , and the total Euclidean periodicity β e can be chosen arbitrarily. 36 Since we are interested in the fixed charge case, we can choose a charge, which will be the same for both the black holes (Q = Q e ), using equation (21) and selecting values for the outer and inner horizon radii (r + and r − ) of the non-extremal black hole. The extremal horizon radius r e is then uniquely determined by equation (38) . Therefore r e can be written as a function of r + and r − only. We will use this feature in our numerical analysis.
The choice of the (arbitrary) Euclidean periodicity for the extremal black hole is determined by the matching of the two geometries in the asymptotic region. In particular, we must match the proper Euclidean preparation times in the asymptotic region (i.e. for r = R):
At lowest order in 1/R, equation (48) gives
where, we have defined:
We emphasize that, at the asymptotic boundary (i.e. for R → ∞), τ e 0 = τ 0 , as we expect for two geometries dual to the state (1). The total Euclidean periodicity for the extremal black hole can then be set to be
where ∆τ e is defined in perfect analogy with the non-extremal case. Using equation (51) and the matching condition (49) and taking the limit R → ∞, after some manipulation the difference between the non-extremal and the extremal action finally takes the form 
When such a difference is negative, the non-extremal black hole phase has smaller action and is therefore dominant in the ensemble. A numerical evaluation shows that, for d = 4 and for a range of parameters such that the Euclidean solution for the non-extremal black hole is sensible (i.e. τ 0 > 0), ∆I is always negative. Therefore, differently from the AdS-Schwarzschild case, 4 when the non-extremal AdS-RN solution admits a dual CFT description, it is also always dominant in the gravity path integral. 
D Lorentzian analysis and braneworld cosmology -details
The initial condition for the Lorentzian time evolution is given by the τ = 0, ±β/2 slice of the Euclidean geometry, where the brane reaches its minimum radius r 0 . The time coordinate is analytically continued τ → −it, with t Lorentzian time. Further time evolution will be in Lorentzian signature. The brane locus is then given by
We explained that, in the Lorentzian case, the range of the radial coordinate is r − 0 < r 0 < r + 0 ≡ r 0 . Let us now focus on the Friedmann equation (considered in equation (8)) describing the evolution of the brane in terms of its proper time λ. By defining L(r) = ln r and L + = L(r + ), it can be rewritten aṡ
where
In this new coordinate, the motion of the brane can be regarded as the one of a particle with energy T 2 in the presence of a potential V (L). The potential (55) naturally vanishes for r = r + and r = r − . It has a local maximum and a local minimum in r M and r m respectively. For the local minimum r − < r m < r + and V [L(r m )] < 0, while for the local maximum
The latter behaviour confirms that the brane radius cannot vanish, i.e. the brane undergoes a bounce for a minimum radius r − 0 . Differently from the small black hole case (r + L AdS ), in the large black hole case (r + L AdS ) the minimum of the potential is V [L(r m )] ∼ 0 and its local maximum is V [L(r M )] ∼ T 2 crit , the latter meaning that the value of the potential at the peak is almost indistinguishable from its asymptotic value. As an example we report in Figure 9 a plot of the potential V [L(r)] as a function of the radius of the brane r in the small and in the large black hole cases. The brane trajectory will be determined by the value of its tension (i.e. the energy of the particle). In particular, analogously to the AdS-Schwarzschild case, 4 we can distinguish in general five different cases: 0 . Thus, for large r, the behaviour is similar to the first case, with the brane trajectory starting from r = ∞, shrinking to r = r (3) 0 for λ = 0 and expanding again to r = ∞.
This is the same situation as in the previous case, but with r We remark that, as we have pointed out, our Euclidean analysis is feasible only for T < T crit , condition needed to have a well-defined preparation time τ 0 . Therefore only the last situation is of interest for our analysis. Nonetheless, a continuously expanding brane with T > T crit (first and third case) implies, from a braneworld cosmology point of view, a 4-dimensional Friedmann universe with a positive cosmological constant, which undergoes for late times a de Sitter expanding phase. This cosmological scenario is clearly more in accordance with the behaviour of our observed universe with respect to the Big Bounce cosmology of the last case. Therefore, an interesting future development of this work could be its extension to over-critical branes, which probably requires a different class of CFT states in the dual theory.
Focusing on the last case, a few final remarks are worth of attention. First, the choice of the sign of the tension T determines which vector normal to the brane we are considering, 9 i.e. which one of the two sides of the brane we are retaining. The choice T > 0 corresponds to a Lorentzian geometry which contains the complete right asymptotic region and part of the left one, ending on the ETW brane (see Figure 1) . Additionally, the total brane proper time needed to complete the trajectory from r 
and is clearly finite. This expression is the one used in Table 1 in order to quantify the portion of the trajectory of the brane where the adiabatic approximation is reliable. Finally, from the definition of proper time, we finḋ
Referring again to Figure 1 , f (r) has a definite (negative) sign in region II (r − < r < r + ). This feature implies that the Schwarzschild time is monotonic with respect to the proper time during the brane trajectory in that region. Thus, if in the contraction phase the brane crossed the outer horizon, for instance, from the left asymptotic region I' (i.e. it crossed the line r = r + , t = −∞), it must cross the inner horizon to the right internal region III (i.e. it must cross the line r = r − , t = ∞), cutting off completely the left internal region. As far as we know, this was first noted in ref. 42 The existence of the minimum radius r − 0 , where the brane reverses again its motion, suggests that, gluing together more spacetime patches as in Figure 1 , we can obtain a cyclical Big Bounce cosmology (with the caveat that gravity is not always localized on the brane during the trajectory). However, it is not clear if the effective semiclassical analysis we used to derive the brane trajectory is reliable when the brane is close to or inside the inner horizon. Indeed, the instability of the Cauchy horizon against even small excitations of bulk fields implies that curvature sigularities may appear, 42 preventing a smooth evolution of the brane trajectory. 
E Gravity Localization and trapping coefficient method
Before clarifying the technical details of the gravity localization analysis, let us qualitatively understand what conditions we expect to be necessary in order to obtain an effective 4-dimensional description of gravity on the ETW brane.
1. The radius of the brane must be much larger than the event horizon size and the AdS radius: r b r + , L AdS . Since gravity in a 5-dimensional spacetime is unavoidably influenced by the presence of the fifth dimension, a 4-dimensional description of gravity is achievable only in a region where the gravitational effects directed along the fifth dimension and due to the presence of the black hole are weak. If the brane is too close to the black hole horizon, the gravitational attraction of the black hole is strong and a graviton localized on the brane will certainly "leak" in the fifth dimension, eventually falling into the black hole horizon. On the other hand, if the brane is far enough from the black hole horizon and deep in the asymptotically AdS region (r b L AdS ), we recover a setup very similar to Randall-Sundrum II (RS II) model, with the brane embedded in a region of the spacetime which is nearly AdS. Thus we can expect to recover, at least locally, gravity localized on the brane. It is somehow surprising that gravity localization is lost if the radius of the brane is too large, as we will see.
2. The time scale of the motion of the brane must be much smaller than the time scale of oscillation of a graviton: 1/H t o . This condition is needed to treat the motion of the brane as adiabatic with respect to gravitational perturbations. In other words, under this condition we can consider the brane as effectively static during the propagation of a graviton. As we will see, this assumption turns out to be pivotal in our analysis. Indeed, in the case of a moving brane, it is non trivial to define a boundary condition for the graviton wavefunction at the position of the brane.
3.
[r (t)] 2 f (r) f (r) or equivalently
f (y). It is clear looking at the definition of the brane proper time that this condition guarantees that the properties of the graviton are interpreted, up to a constant redshift factor f (r b ) = f (y b ), in the same way by a bulk observer (from the perspective of which we develop our analysis) and by an observer comoving with the brane.
We remark that, differently from the AdS-Schwarzschild case, if the black hole is large, the first condition can be satisfied for part of the brane trajectory while still retaining a positive preparation time, provided that the brane is near-critical and the black hole near-extremal. The presence of the black hole unavoidably alters the RS II model, therefore we expect gravity localization to be only a local phenomenon, and valid only for a limited range of time.
E.1 TT perturbations and Schrödinger equation
The first step to find the Schrödinger equation reported in Section 4 is to derive the linearized Einstein equations about the AdS-RN background. Since we are considering only the tensor component of the metric perturbation, the perturbations of the electromagnetic field (which couple only to the scalar and the vector perturbations of the metric 43 ) can be neglected. Therefore, the only terms arising from the perturbation of the electromagnetic stress-energy tensor will be the ones linear in the metric perturbation and with an unperturbed electromagnetic field. For a TT perturbation the linearized Einstein equations read
with
where d+1 is the (d + 1)-dimensional covariant d'Alembertian, R µνρσ is the Riemann tensor and ∆ L is the Lichnerowicz operator.
Introducing the adimensional coordinates discussed in Section 4 (that we will use in the rest of this section), using the explicit expression for the Christoffels and the components of the Riemann and Ricci tensors and defining the covariant Laplacian ∆ d−1 on the unit (d − 1)-sphere, after a long calculation the spatial components (all the other components are identically satisfied) of equation (58) can be recast in the form
We can now decompose the metric perturbation in terms of the tensor harmonics on the unit (d − 1)-sphere (defined in Section 4):
and introduce the tortoise coordinate dr * = dy/f (y), in terms of which the horizon of the black hole is mapped to r * → −∞ and the asymptotic boundary to a finite value r * = r * ∞ . Equation (60) reduces then to a wave equation for each of the modes φ k (t, y):
where the potential V k [y(r * )] is given by equation (10) and is in accordance with the results of ref. 43 In the frequency domain, equation (62) finally takes the form of the Schrödinger equation (9), which encodes the effects of the radial extra dimension on a transverse-traceless graviton. By finding the expression of the tortoise coordinate r * as a function of the adimensional radial coordinate y in the limit of large y, it is easy to show that the potential (10) diverges at the asymptotic boundary as V (r * ) ∼ 15/[4(r * ∞ − r * ) 2 ]. This behaviour is very similar to the one typical of the RS II potential. [26] [27] [28] On the other hand, at the black hole horizon (r * → −∞) the potential vanishes exponentially: V (r * ) ∼ exp(2k g r * ) where k g is the above defined surface gravity of the black hole. Since the normalizable zero-graviton mode bound on the brane present in the RS II model is a marginally bound mode, and since our potential vanishes exponentially while RS's one exhibited a power-law behavior deep into the bulk, we cannot expect to find a normalizable bound mode as well. But the presence of the brane still allows the existence of a quasi-bound mode, with complex frequency ω =ω + iΓ/2, very well localized close to the brane. Its finite lifetime (determined by the imaginary part of the frequency Γ/2) implies that it will stay on the brane for an interval of time, after which it will eventually leak into the bulk black hole.
Up to this point, we only studied the perturbed Einstein equations, without taking into account the presence of the ETW brane. To study the evolution of a TT graviton living on the brane, and to understand whether or not it is possible for this graviton to remain bound on the brane at least locally and for a reasonable amount of time, we need to enforce a boundary condition for the graviton wavefunction at the position of the brane. At each instant of time, the brane is effectively a hypersurface at fixed y (i.e. at fixed r * ), therefore the previous analysis can be applied to study a gravitational perturbation on the brane. In particular, the Schrödinger equation allows us to understand if the graviton is bound on the brane or if it necessarily leaks into the bulk. If the brane is expanding or contracting, it is not clear how to implement such a boundary condition. But if the time scale of the perturbation is much smaller than the time scale of the motion of the brane, the linearization of equation (5) provides the boundary condition needed. In other words, we must work under an adiabatic approximation for the motion of the brane with respect to the time scale of the perturbation, so that we can approximately consider the ETW brane to be static at y = y b , or r * = r * b . Additionally, since all the calculations will be carried out in the bulk coordinates assuming the brane to be static, in order for an observer comoving with the brane to interpret correctly the graviton, we must also verify that the redshift between the bulk coordinates and the comoving coordinates on the brane is compatible with the assumption of a static brane. From the definition of proper time, this means that y 2 f 2 (y) must hold. Equation (5) can be traced and rewritten as
whereT = r + T and the extrinsic curvature is computed using the adimensional coordinates. For a static brane, the normal dual vector is given by n µ = δ µ,y / f (y) and e µ a = δ µ a . Linearizing equation (63) and using the decomposition (61) of the metric perturbation, we obtain the boundary condition
Using the condition y 2 f 2 (y), equation (6) guarantees that f (y) ∼T 2 y 2 . The latter result and the definition of the tortoise coordinate finally lead to the boundary condition reported in Section 4, i.e.
As we have already discussed, imposing this boundary condition is equivalent to add to the potential (10) a negative delta term, which "traps" the graviton, allowing gravity localization. Before reviewing the trapping coefficient method introduced in ref. 30 and give more details about our numerical results, we remark that in the small black hole case (γ 1) the potential (10) presents a peak for r * ∼ 0 before diverging at r * = r * ∞ (see Figure 11 ). This feature disappears for large black holes. If the brane radius was able to reach values consistently larger than the position of the peak, it would have implied not only the presence of a quasi-bound zero mode, but also the existence of "overtones" 30 trapped in the resonance cavity between the peak and the brane position. Nonetheless, as we have already shown, in the small black hole case the ratio between the maximum brane radius and the horizon of the black hole cannot be large, implying that no quasi-bound modes exist. Therefore, the small black hole case is not of our interest and we will focus our attention on the γ 1 case. The potential diverges for r * ∞ = 15.3 and vanishes exponentially at the horizon r * → −∞. Differently from the large black hole case (see Figure 4) , the potential exhibits a peak for r * ∼ 0.
E.2 Trapping coefficient method
The quasi-normal modes, already studied in ref. 30 for the Schwarzschild-AdS spacetime in the presence of a static brane, are modes with a finite lifetime determined by the imaginary part of the frequency Γ/2 and purely infalling boundary condition at the black hole horizon, i.e. ψ k,ω ∼ exp(iωr * ) for r * → −∞. This finite lifetime can be understood as a probability of tunneling through the potential barrier from the delta potential at the position of the brane toward the black hole horizon. The absence of the resonant cavity in the potential (10) for the large black hole case implies that only one resonant mode, supported by the attractive delta potential, exists, that we will call quasi-bound mode. Our analysis is based on the trapping coefficient method introduced in ref., 30 that we will review and apply to the AdS-Reissner-Nordström case.
Since the potential vanishes approaching the horizon, the wavefunction in that region must take the form of a plane wave:
where S(ω) = e 2iδ(ω) is the scattering matrix and δ(ω) is the scattering phase shift. The black hole horizon is located at r * = −∞, and we want purely infalling solutions, therefore in that limit ψ k,ω must be a left-moving plane wave. Since we are imposing two boundary conditions (equation (65) at the brane and the pure infalling one at the horizon), we expect to find a discrete set of solutions to the Schrödinger equation (the quasi-normal modes), corresponding to a discrete set of frequencies ω n . By considering complex frequencies, we can obtain the purely infalling solutions by requiring the scattering matrix to have a pole at the quasi-normal mode frequencies ω n 1 . It can be shown 30, 50 that the leading order Laurent expansion of S(ω) is given by:
where δ 0 (ω) is a slowly varying real function of ω. Using the definition ω n =ω n + iΓ n /2, the scattering phase shift can be expressed as:
For real ω and if Γ n is small with respect toω n , δ(ω) varies of a value which is approximately π when ω is varied across the real part of the resonance frequency, flipping the sign of the wavefunction (66). We can now define the trapping coefficient
where A b is the magnitude of the wavefunction ψ k,ω at the brane and A h its magnitude at the horizon of the black hole (effectively, in a region where the potential is almost vanishing). Intuitively, since we expect the quasi-bound mode to be almost localized on the brane due to the presence of the attractive delta potential at r * = r * b , the trapping coefficient will present a peak at the frequency of the quasi-bound mode. In the case of a normalizable bound mode (with vanishing imaginary part of the frequency), clearly the wavefunction would vanish at the horizon, giving an infinite trapping coefficient. For a purely infalling solution we can write in general: 30
(70) where indicates the real part and R(ω) and θ(ω) are slowly-varying functions of the frequency. For every frequency ω we can choose the normalization N (ω) of the wavenfunction such that A b = 1, and of course the trapping coefficient will be unchanged. This allows us to set ψ(r * b ) = 1 in our numerical analysis, obtaining:
(71) where the trapping coefficient therefore reads:
If the relation
holds, the square of the trapping coefficient takes the form:
This Lorentzian (Breit-Wigner) peak is centred at the real part of the frequency of the quasi-bound mode, while its half-width at half-maximum Γ/2 gives the imaginary part of the frequency, and therefore the lifetime of the mode. If the condition (73) is not satisfied, the shape of the peak is more complicated. Nonetheless, at least for the zero mode of our interest, it has been shown that the condition (73) holds in a good approximation 30 and our numerical analysis confirms this result. We mention here the possibility of refining such an approximation by subtracting from the plot of ξ(ω) as a function of the frequency a baseline function accounting for the slow variation of δ 0 (ω) and θ(ω) with the frequency. For our purposes, such a procedure (which leads to some difficulties due to the arbitrariness of the choice of the baseline 30 ), turns out to be not necessary. It is therefore possible, in a reasonable approximation, to find the real and imaginary parts of the frequencies of the quasi-bound mode (we remind that for the large black hole case we expect only the n = 0 mode to be present, supported by the negative delta potential at the position of the brane) using the following procedure (trapping coefficient method):
1. Compute numerically a family of solutions of the Schrödinger equation (9), parameterized by real-valued frequencies ω and with boundary condition (65), requiring also ψ k,ω (r * b ) = 1;
2. Find numerically the maximum of the wavefunction in the region where the potential is almost vanishing (i.e. near the horizon) for a range of values of ω;
3. Plot the square of the inverse of these maxima as a function of ω: a peak will be present at the real part of the frequency of the (purely infalling) quasi-normal mode;
4. Eventually subtract a baseline function;
5. Fit the data with the Breit-Wigner distribution (74) to find real and imaginary parts of the frequency of the quasi bound mode.
E.3 Numerical results
We will find the real and imaginary parts of the frequency and the height of the peak R/A h for three sizes of the black hole: r + = 10, 100, 10000 (with L AdS = 1 and r − such that the black holes are near extremality), corresponding to γ = 0.1, 0.01, 0.0001 respectively. For each case we will consider different positions y b for the brane and values for the angular momentum l. The results of the fits are reported in Table 2 . From our analysis the following picture emerges (we remind that γ = L AdS /r + and y b = r b /r + ):
• For fixed γ and l, increasing the distance of the brane y b the real part of the frequencyω decreases and the peak of the square of the trapping coefficient ξ becomes sharper and higher, indicating that the imaginary part of the frequency Γ/2 decreases as well and gravity localization is more efficient. This is evident from the data reported in Table 1 (where t o = 1/ω and t d = 2/Γ). But if the brane is very far,ω approaches zero. When it happens, the peak becomes broader (indicating Γ ∼ω) and is not approximable with a Lorentzian curve anymore. At this point, the peak is very high, indicating a short-lived (large ratio between imaginary and real part of the frequency) but very well localized quasi-bound state. After that, for even farther brane, the quasi-bound mode is no more present (there is no peak, and the trapping coefficient never becomes very big). Additionally, for low values of the angular momentum l, the real part of the frequency obtained is not in accordance with the one expected from a 4-dimensional perturbation of an Einstein static universe (given by ω GR = f (y) · (l + 2)l), 30 even when the brane is far and the peak is narrow. For higher values of l instead, i.e. for smaller scale perturbations, the GR expected value and the one obtained numerically are closer. We report here the data showing these behaviors only in the γ = 0.01 case, but we verified that the same analysis applies also for γ = 0.1, 0.0001 as well as in the small black hole case. The smaller is the black hole, the farther is the position of the brane where gravity localization is lost. We remark how this behaviour is in contradiction with the conclusions of ref.
, 30 where it is argued that the real part of the frequency approaches a constant value and the RS II normalizable bound zero-graviton mode is recovered in the far brane limit. However, it is worth noting that the loss of localization for the small black hole case, which is the one mainly studied in ref.
, 30 occurs for a position of the brane much farther than the ones explored in Figure 11 of ref. . If the brane is too far from the horizon, the peak becomes broad, the mode is short-lived and gravity is no more localized.
• For fixed l and y b , decreasing γ (i.e. increasing the size of the black hole) the real part of the frequency grows and the peak becomes broader, indicating a shorterlived quasi-bound mode. The Lorentzian approximation of the peak is also less precise. At the same time, we remind that the same maximum radius of the brane Increasing the size of the black hole for fixed angular momentum and radius of the brane, the peak of the squared trapping coefficient is broader and not well approximated by the Lorentzian profile: gravity localization becomes less efficient.
• Holding γ and y b fixed and increasing the angular momentum l the real part of the frequency grows. In the small black hole case, we verified that the imaginary part of the frequency decreases, exactly how described in ref. 30 Differently, in the large black hole case, the imaginary part grows, but much slower than the real part. The peaks are therefore narrower and the ratio between the imaginary and the real part decreases. At the same time, since the imaginary part of the frequency increases, the height of the peaks decreases with increasing l, indicating that, even if they are able to undergo a larger number of oscillations before decaying, these smallerscale modes have a shorter lifetime than the larger-scale ones (even if localization is still very efficient). These characteristics can be observed comparing the peaks for different values of l in all the three cases, but are particularly evident in the very large black hole cases γ = 0.0001. We remark that even for a very far brane, which does not support localization of gravity for instance for l = 1, increasing the angular momentum the quasi-bound state is recovered. For example, for γ = 0.01 and l = 1 the quasi bound state is lost for y b ∼ 66, but for l = 5 it is still present when the brane radius is y b = 99.94. . For fixed radius of the brane and size of the black hole, increasing the angular momentum (i.e. decreasing the scale of the perturbation) the peak of the squared trapping coefficient is better approximated by the Lorentzian profile and gravity localization becomes more efficient.
• Keeping the size of the black hole and the scale of the perturbation constant while increasing the brane radius, i.e. increasing l and y b of the same factor holding γ fixed, the peak becomes narrower and gravity localization more efficient: remaining on a local enough scale, if the brane is farther we are in a setup more similar to the RS II scenario. Table 2 : Quasi-bound modes. Results of the numerical analysis based on the trapping coefficient method. L AdS = 1. The fitted values for γ = 0.01, y b = 66.15, l = 1 and for γ = 0.001, y b = 17.34, l = 5 are purely indicative. We remark that for each set of parameters reported above it is possible to choose a tension T for the brane such that the corresponding y b is, for instance, the turning point of the brane, while the corresponding Euclidean solutions are sensible (τ 0 > 0) and dominant in the gravity path integral (∆I < 0).
E.4 Time scales and adiabatic approximation
As we pointed out in Section 4, the three time scales that we must compare in order to verify that the adiabatic approximation we used is reliable are the oscillation time t o = 1/ω, the decay time t d = 2/Γ and the quantity
which in comoving coordinates would correspond to the Hubble time of the braneworld cosmology, and that we will call for semplicity "Hubble time". If t o T H for a given radius of the brane y = y b , the adiabatic approximation holds. We remark that the Hubble time does not depend on the angular momentum l. Thus, since increasing l the real part of the frequency increases and the oscillation time t o decreases, for higher values of l it is easier to satisfy the adiabatic approximation condition. Additionally, as we have explained, the relation
must hold as well at y = y b . We remind thatT = r + T . In Section 4 we have shown that, for l = 10, γ = 0.01, r + = 100, r − = 99.9 and T = 0.999999999 it is possible to obtain t d T H t o for a large part of the brane trajectory, meaning that the adiabatic approximation is reliable and that it breaks down (and therefore our analysis loses its meaning) before the graviton leaks into the bulk. Additionally, the condition (76) is satisfied always when the adiabatic approximation holds. For completeness we report in Figure 17 a plot of these quantities as a function of the position of the brane for the data reported in Table 1 . For the same size and charge of the black hole but with l = 1 and T = 0.99999993325 (the maximum radius of the brane is y 0 = r 0 /r + = 66.15), using the results reported in Table 2 , we find that the adiabatic approximation is never reliable (i.e. T H < t o ) during the trajectory of the brane (see Figure 18 ). It clearly holds at the turning point y 0 , where the Hubble time diverges, but there the quasi-bound mode is extremely shortlived (ω and Γ are of the same order). The condition (76) is instead satisfied for a large part of the brane trajectory. This problem sums up with the discordance between the expected 4-dimensional value of the frequency ω GR and the one obtained numerically. Even if for smaller black holes (for instance in the γ = 0.1 case) close to the turning point the adiabatic approximation can hold also for l = 1, we can conclude that an effective 4-dimensional description of gravity localized on the brane is obtained more easily and for a larger amount of brane proper time when the value of the angular momentum l is higher. This result, together with the observation that our analysis is valid only on a time scale smaller than the Hubble time and that the quasi-bound mode is not stable, confirms our expectation to find gravity localization only locally and for a finite amount of time. 
